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Non-perfect-fluid space-times in thermodynamic equilibrium and
generalized Friedmann equations
Konrad Schatz,∗ Horst-Heino von Borzeszkowski,† and Thoralf Chrobok‡
Institut fu¨r Theoretische Physik, Technische Universita¨t Berlin,
Hardenbergstraße 36, D-10623 Berlin, Germany
We determine the energy-momentum tensor of non-perfect fluids in thermody-
namic equilibrium. To this end, we derive the constitutive equations for energy
density, isotropic and anisotropic pressure as well as for heat-flux from the cor-
responding propagation equations and by drawing on Einstein’s equations. Fol-
lowing Obukhov at this, we assume the corresponding space-times to be conform-
stationary and homogeneous. This procedure provides these quantities in closed
form, i.e., in terms of the structure constants of the three-dimensional isometry
group of homogeneity and, respectively, in terms of the kinematical quantities ex-
pansion, rotation and acceleration. In particular, we find a generalized form of the
Friedmann equations. As special cases we recover Friedmann and Go¨del models as
well as non-tilted Bianchi solutions with anisotropic pressure. All of our results are
derived without assuming any equations of state or other specific thermodynamic
conditions a priori. For the considered models, results in literature are generalized
to rotating fluids with dissipative fluxes.
PACS numbers: 04.20.-q, 04.40.-b, 47.75.+f, 98.80.Jk
I. INTRODUCTION
In this paper, we consider systems described by Einstein’s equations
Rab − 1
2
Rgab = Tab (1)
with an energy-momentum tensor and equations of state neither of which are specified by
any ad hoc assumptions. Instead, we discuss the whole question from a thermodynamic
perspective1. This consideration is discussed for a class of cosmologically interesting metrics
(introduced and shown to be observationally admissible in [23, 29–31], see (5) below). In terms
of the temperature and the kinematic invariants characterizing the matter, our consideration
provides a class of general equations of state (“matter equations”) which are compatible with
Einstein’s equations and correspond to generalized Friedmann equations. This framework
can find (and has found) applications in relativistic cosmology and astrophysics. Basically, it
allows to go beyond the standard phase cosmology (governed by phases with certain equations
of state like inflation, radiation and dust that have to be fitted by fine-tuning) and to describe
the cosmological state transitions from phase to phase by intermediate stages. However, in
[4, 25, 27, 28] a fine tuned sudden passage from the decelerated to the accelerated regime,
∗ konscha@physik.tu-berlin.de
† borzeszk@mailbox.tu-berlin.de
‡ tchrobok@mailbox.tu-berlin.de
1 We emphasize that we approach this without any specific thermodynamic conditions as done for instance
in [16], i. e., we refrain from applying linear or extended thermodynamics.
2as observed today, produces inadequacies. These are then avoided by ad hoc introduced
equations of state where viscosity originates from geometry (e.g. H, H˙). Our calculations
can provide a theoretical foundation of such equations. Furthermore, this framework also
contributes to a physical discussion of no-go theorems like the shear-free fluid conjecture [38].
For instance, this thermodynamic approach enables one to sharpen the theorem (proved in [8],
without explicitly referring to thermodynamics) which states for non-vanishing acceleration
that rotation and expansion cannot simultaneously be equal to zero: in [8] it has been shown
that models with vanishing acceleration do not allow for non-vanishing rotation.
Ehlers, Geren and Sachs have proven [15] that the high isotropy of the cosmic microwave
background (CMB) and the vanishing of shear2 σab of a congruence of curves are closely
related to the requirement that there exists a conformal Killing vector field3 being parallel to
the tangents of the curves (i.e., to the velocity of a streaming fluid). In detail, it was shown
(Lem. 3 in [15]) that a space-time admits a time-like conformal Killing vector field (CKV)
ξa;b + ξb;a = Φgab (2)
with ξa = αua, if and only if there is a velocity field ua with uau
a = −1 satisfying
σab = 0 and
(
u˙[a −
Θ
3
u[a
)
;b] = 0 (3)
where u˙a is the acceleration and Θ the expansion. Olivier and Davis [32] showed that (3)
is a necessary and sufficient condition for the existence of a CKV in the case of rotating
space-times, too. In the following, we consider such conform-stationary space-times4.
In particular, the second condition allows to imply a parameter α which can be identified
as the inverse temperature, α = 1/T , so that ξa = ua/T can be interpreted as temperature
vector. This parameter occurs if the second equation in (3) is rewritten as (Thm. 2.1 in [32])
α,a
α
= u˙a − Θ
3
ua. (4)
Additionally, we assume that the considered space-times are spatially homogeneous. This
reduction to Bianchi-type models still allows for the matter distribution to be anisotropic,
while the CMB is isotropic.
Altogether, we are led to the subclass of tilted Bianchi models constructed by Obukhov
[23, 29–31] that admit a CKV,
ds2 = gab dx
a dxb
= − dt2 + 2 a naˆ dxaˆdt+ a2 γaˆbˆ dxaˆdxbˆ . (5)
Thereby, rotating and expanding models with acceleration and isotropic CMB are considered
in [23, 29–31]. In contrast to that, in [1, 9, 10], Ehlers-Geren-Sachs theorems were, partly
in a generalized version, used to study and determine a class of space-times containing also
inhomogeneous cosmological models, with non-trivial acceleration but zero rotation.
2 For the definition of the quantities: shear, rotation, acceleration and expansion see [16] or see also Sec. II.
3 In [13], it is shown that, while for σab = 0 fluids the CKV property is essential, for σab 6= 0 fluids this
property has to be generalized to conformal collineation.
4 According to [11, 18] this is equivalent to parallax-free cosmological models.
3To complete notation used in (5), we define
naˆ = νµˆ e
µˆ
aˆ and γaˆbˆ = βµˆνˆ e
µˆ
aˆ e
νˆ
bˆ
with νµˆ and βµˆνˆ as arbitrary constants. Here the triad components e
µˆ
aˆ = e
µˆ
aˆ(x
kˆ) form a
basis which is invariant under the spatial isometries of the Bianchi models. Accordingly, their
Lie derivative with respect to the generating Killing vector fields (KV) vanishes (for details
see [37]). The components eµˆaˆ(x
kˆ) are supposed to be functions of the space-like canonic
coordinates only and determine the metric (5) as to the Bianchi-type. The coordinate t = x0
denotes the proper time with respect to a fluid particle and a = a(t) is the scale factor.
Furthermore, Latin indices are used for the coordinate while Greek indices are used for the
tetrad description of the tensor components. All indices with hat denote the three spatial
dimensions, e.g. aˆ = 1, 2, 3 and αˆ = (1), (2), (3), whereas those without hat run through all
four space-time dimensions, a = 0, 1, 2, 3 and α = (0), (1), (2), (3).
Regarding the thermodynamic proposition, we follow the Eckart approach and assume that
the model under consideration is in thermodynamic equilibrium. The Eckart approach to the
relativistic Theory of Irreversible Processes [14] (see also [20, 26, 41]) is based on the balance
equations for the particle number (where µ represents mass density and v = (1/µ) the specific
volume)
(µua);a = 0 , (6)
the energy-momentum5
T ab;b = 0 (7)
and the entropy
σ = sa;a ≥ 0 (8)
where sa denotes the entropy vector and σ the density of the non-negative entropy production.
In the case of thermodynamic equilibrium (vanishing of entropy production), appropriated
supplementary conditions have to be added by hand. In the general-relativistic version of
this theory the framework is completed by Einstein’s gravitational equations (1). However,
in the general-relativistic Theory of Irreversible Processes no further assumptions have to be
introduced ad hoc in order to yield thermodynamic equilibrium [7].
Now, if the entropy vector is defined according to [20, 26, 36],
sa = µ s ua +
qa
T
, (9)
the entropy production can be reformulated as
σ =
ub
T
(
T ab − ρ ua ub − p hab)
;a
+
(
qa
T
)
;a
. (10)
5 In particular, regarding (6), the null-component can be interpreted as the first law of thermodynamics
[3, 35], i.e., as the conservation of internal energy.
4Here qa denotes the heat-flux, ρ the energy density, p the pressure, ua/T the temperature
vector and hab = gab+ua ub. Finally, by decomposing the energy-momentum tensor (27) this
yields [36]:
σ = −
(ub
T
)
;a
(
T ab − ρ ua ub − p hab) . (11)
As shown in [7], regarding the conformal Killing equation (2), the second term in brackets
turns out to be traceless which results in a vanishing entropy production σ:6(
T ab − ρ ua ub − p hab) (ξa;b + ξb;a) = 0 . (12)
That this CKV property is not purely mathematical, but has also a physical meaning, is
supported by the following arguments:
Firstly, the derivations of (11) and (12), given in [36], show that the quantities ρ, p and T
are thermodynamically well-determined. Indeed, it is assumed that the specific entropy s is
given as a function of the specific internal energy u and the specific volume v, i. e.
s = s(u, v) , (13)
so that (Gibbs equation7)
T ds = du+ p dv (14)
and
∂s
∂u
=
1
T
,
∂s
∂v
=
p
T
. (15)
For the thermodynamic quantities defined in this way (12) is valid. Secondly, (12) has the
following solutions: Either the fluid is perfect or the temperature vector has to be a CKV
(containing the special case of a Killing vector field). Therefore, the CKV property is justified
by defining equilibrium states.
This is confirmed by the fact that ξa = ua/T , being a CKV, leads to some well-known
models like Friedmann’s and Go¨del’s space-times with the corresponding equations of state
(see Sec. III B). Furthermore, it should be emphasized that the justification of the thermody-
namic meaning of the CKV condition given via (12), i.e., in the context of phenomenological
continuum theory, is supported by considerations in the framework of kinetic theory, where
the CKV property of ξa in combination with related equations of state for some special cases
is derived from Boltzmann’s equation [42–45].
Based on the existence of such a CKV one can derive a set of four propagation equations for
non-perfect fluids (see [8]), which link the propagation of the matter content to the kinematic
description of the space-time (see Sec. III).
The paper is organized as follows: In Sec. II, we introduce a suitable tetrad frame that
allows us to establish manageable equations. In addition, the decomposition of the energy-
momentum tensor with respect to kinematic invariants is shortly reviewed and their form in
6 This shows that non-perfect fluids are not necessarily incompatible with reversible thermodynamics [2, 36,
39]. However, for space-times without a CKV or KV (12) can only be solved by assuming a perfect fluid.
7 Moreover, for a co-moving observer the relation ρ = µ(1 + u) holds.
5tetrads for the space-times (5) is derived. Subsequently, by solving the propagation equations,
we deduce in Sec. III general expressions for the whole matter content depending on the
structure constants and the kinematic invariants, respectively. After checking the consistency
with Einstein’s equations the general case of a non-perfect fluid as well as particular cases
like non-tilted [22] and stationary models are discussed. Among the special cases that can
be recovered are the Friedmann and the Go¨del models. In Sec. IV we discuss the results
and provide alternative formulations, relevant for further observational and thermodynamic
considerations.
II. TETRAD FORMULATION AND KINEMATIC INVARIANTS
In the following, we introduce tetrads (see, e.g., [5]) that allow for a convenient separation
of the variable objects, a(t) and eµˆaˆ(x
kˆ), and the constants, νµˆ and βµˆνˆ in (5). Defining
eˆαb :=
(
0 0
0 eαˆ
bˆ
)
and eˇ bα :=
(
0 0
0 e bˆαˆ
)
(16)
with
eˇ bα eˆ
β
b =
(
0 0
0 δβˆαˆ
)
, (17)
the tetrads can be chosen as
θαb = δ
α
0 δ
0
b + a eˆ
α
b and θ
b
α = δ
0
α δ
b
0 + a
−1 eˇ bα . (18)
To fulfill the relations
gab = ζµν θ
µ
a θ
ν
b , (19)
the constant and symmetric matrix ζµν has to take the form
ζµν =
(−1 ννˆ
νµˆ βµˆνˆ
)
. (20)
The structure constants of the isometry groups acting on the space-like hypersurfaces and
specific to the Bianchi models can be expressed by a 4-dimensional representation,
Cˆγβα := 2 eˇ
b
[α | eˆ
γ
b,c| eˇ
c
β] , (21)
such that Cˆγ0α = 0, Cˆ
γ
β0 = 0 and Cˆ
0
βα = 0. Expressions for the curvature tensors and
scalars in terms of these newly introduced tetrads are derived in Appendix B.
On the basis of these preliminaries, we now introduce the kinematic invariants and the
respective decomposition of the energy-momentum tensor.
Assuming a one-component fluid with the four-velocity ua, such that uau
a = −1, the
gradient of ua can be decomposed kinematically [16]:
ua;b = ωab + σab +
Θ
3
hab − u˙a ub . (22)
6Thus, rotation, shear, acceleration and expansion as well as the scalar quantities of rotation
and acceleration read
ωab = h
c
a h
d
b u[c;d] = u[a;b] + u˙[a ub], σab = h
c
a h
d
b u(c;d) −
Θ
3
hab,
u˙a = ua;b u
b, Θ = ua;a, ω
2 = (1/2)ωαβ ω
αβ , u˙2 = u˙α . (23)
Choosing ua = δa0 , these kinematic quantities are rewritten in the tetrad representation and
for the space-times (5) as follows (the subscript ‖ denotes the covariant tetrad derivative)
ωαβ = u[α‖β] + u˙[α uβ] =
1
2 a
Cˆγβα ζγ0, (24)
u˙α = uα‖ρ u
ρ =
a˙
a
h0α, (25)
Θ = uµ‖µ = Ω
µ
µ 0 = 3
a˙
a
, (26)
where uα = ζα0 .
According to [16], the energy-momentum tensor can be decomposed with respect to the
timelike velocity field ua,
Tab = ρ ua ub + p hab + 2 u(a qb) + piab . (27)
Here the quantities can be identified with the appropriate projections, ρ = Tab u
a ub for the
energy density, p = 13 Tab h
ab for the isotropic pressure, qa = −Tcb ub hca for the heat-flux and
piab = Tcd h
c
a h
d
b − p hab for the anisotropic pressure.
III. MATTER EQUATIONS
The conditions for the temperature vector ub T
−1, being a CKV, are
Φ =
2
3
Θ
T
(28)
and
Θ = 3T
(
1
T
)
,0
. (29)
Both can be found in [32] (the latter reproduces the 0-component of (4)). The two results
(28) and (29) are obtained by inserting ub T
−1 into (2) and multiplying this equation by ua ub
and gab, respectively.
Furthermore, integration of (29) leads to an expression for the temperature scalar,
T =
1
c
T
a
, (30)
and the conformal factor,
Φ = 2 c
T
a˙ , (31)
7where c
T
is the constant of integration.
The existence of the CKV has far-reaching consequences for the geometry of the space-time
and, factoring in Einsteins field equations, for the matter. By drawing on the Ricci identity
for the CKV and the Bianchi identity subsequently, we deduce a set of four propagation
equations [7, 8]. The first two describe the evolution of the energy density ρ and the isotropic
pressure p:
− 1
2
Φ + Φ¨− Φ;m u˙m + 1
2T
(3 p˙+ ρ˙) +
Θ (3 p+ ρ)
3T
= 0 (32)
and
3Φ− (3 p˙− ρ˙)
T
− 2Θ (3 p− ρ)
3T
= 0 . (33)
The other two equations describe the change of the heat-flux qa ,
hba q˙b = T Φ˙,b h
b
a − T Φ,m ωma −
1
3
T Φ,mΘ h
m
a −
2
3
Θ qa − qk ωka , (34)
and the anisotropic pressure piab,
hma h
b
c p˙ibm = −
T
2
hacΦ− T hma hbc Φ,m ;b + hac
p˙− ρ˙
2
+ 2pik(a ωc)k
− 2Θ
3
piac +
Θ(p− ρ)
3
hac . (35)
A. Solutions of the propagation equations
The reformulation of the dynamic equations (32) - (35) in terms of the space-times (5) and
some tedious algebra brings us to a set of ordinary differential equations which can be solved
analytically.
To this end, we decouple (32) and (33) to
ρ˙ = −2
3
Θ ρ− T Φ − T Φ¨ + T Φ,m u˙m (36)
and
p˙ = −2
3
Θ p+
2
3
T Φ − 1
3
T Φ¨ +
1
3
T Φ,m u˙
m . (37)
By means of (18) equations (36) and (37) can be rewritten as
(
a2 ρ
)
,0
+ 2
...
a a
(
ζ00 + 1
)
+ 2 a¨ a˙
(
2 ζ00 − 1)+ 2 a¨ Cˆγκγ ζκ0 = 0 (38)
and
(
a2 p
)
,0
+
2
3
...
a a
(
1− 2 ζ00)− 2
3
a¨ a˙
(
7 ζ00 + 1
)− 4
3
a¨ Cˆγκγ ζ
κ0 = 0 . (39)
8Integrating (38) and (39) yields
ρ = − 2
(
a˙
a
)
,0
(
ζ00 + 1
)− 3 ( a˙
a
)2
ζ00 − 2 a˙
a2
Cˆγκγ ζ
κ0 +
1
a2
cρ (40)
and
p =
2
3
(
a˙
a
)
,0
(
2 ζ00 − 1)+ 3 ( a˙
a
)2
ζ00 +
4
3
a˙
a2
Cˆγκγ ζ
κ0 +
1
a2
cp , (41)
where the objects cρ and cp represent the summed constants of integration of the additive
antiderivatives, see Appendix C. For concrete cosmological or astrophysical models, e.g. stars,
the boundaries of the respective integrals are specified.
With the identity
hρµ
(
ζµκ ωακ + h
ν
α u
γ Ω µγ ν
)
= 0 (42)
and (24), the tetrad formulations for the propagation equations of the heat-flux (34) and the
anisotropic pressure (35) together with the kinematic quantities (24) - (26) yield the following
integrable partial differential equations:(
qα a
2
)
,0
+ 2 (a¨ a˙− ...a a) h0α + a¨ Cˆ γˆασ ζγˆ0 ζσ0 = 0 (43)
and
3
(
a2 piαγ
)
,0
+ 2 (a¨ a˙− ...a a) (hαγ (ζ00 + 1)
− 3 h0α h0γ
)
+ 2 a¨ Cˆρµκ ζ
κ0
(
δµρ hαγ − 3 δµ(α hγ)ρ
)
= 0 (44)
for the heat-flux and the anisotropic pressure, respectively.
Integration and reorganization of terms bring the wanted solutions
qα = 2
(
a˙
a
)
,0
h0α +
a˙
a2
Cˆγσα ζγ0 ζ
σ0 +
1
a2
cq α (45)
and
piαβ =
2
3
(
a˙
a
)
,0
h0α
(
hαβ
(
ζ00 + 1
)− 3 h0α h0β)
+
2
3
a˙
a2
Cˆρκµ ζ
κ0
(
δµρ hαβ − 3 δµ(α ζβ)ρ
)
+
1
a2
cpi αβ , (46)
where, similarly to the case of the energy density (40) and the isotropic pressure (41) above,
the objects cq α and cpi αγ represent the constants of integration (see Appendix C).
With the help of the kinematic quantities (24)-(26) and (A1)-(A4) of Appendix. A the
solutions (40), (41), (45) and (46) can be rewritten as follows:
ρ =
1
3
Θ2 + 3 u˙2 − 2 u˙γ‖γ + T 2 cT 2 cρ , (47)
p = − 2
3
Θ˙− 1
3
Θ2 − u˙2 + 4
3
u˙γ‖γ + T
2 c
T
2 cp , (48)
qα =
2
3
Θ˙h0α + 2ωαγ u˙
γ + T 2 c
T
2 cq α (49)
9and
piαβ = −
2
3
Θ˙h0α h
0
β − 2 u˙2 hαβ +
2
3
u˙γ‖γ hαβ
− 2T u˙κ Cˆρ
κ(α hβ)ρ + T
2 c
T
2 cpi αβ (50)
or, in terms of purely kinematic quantities,
piαβ =
2
3
Θ˙
(
2 h0(α uβ) − 3 h0α h0β
)
+
2
3
(
u˙γ‖γ − 9 u˙2
)
hαβ
+ 4 u˙(α‖β) −
4
3
Θ u˙(α uβ) + 4ωκ(α uβ) u˙
κ
+ 4 u˙α u˙β − 4 u˙2 uα uβ + T 2 cT 2 cpi αβ . (51)
The expressions (47) and (48) can be understood as generalized Friedmann equations.
According to (27), we can now reconstruct the energy-momentum tensor by inserting the
four solutions above:
Tαβ = −
2
3
Θ˙
(
ζαβ + δ
0
α δ
0
β
)
+
1
3
(
6 u˙γ‖γ −Θ2 − 9 u˙2
)
ζαβ
− 2T c
T
u˙κ Cˆρ
κ(α ζβ)ρ + T
2 c
T
2 c
EI αβ , (52)
or
Tαβ =
2
3
Θ˙
(
2 h0(α uβ) − 3 h0(α h0β) − hαβ
)
− u˙2 (7 hαβ + uα uα)
+
1
3
(
u˙γ‖γ −Θ2
)
ζαβ + 4
(
u˙(α‖β) + u˙α u˙β
)
+ T 2 c
T
2 c
EI αβ , (53)
where
c
EI αβ = cρ ζα0 ζβ0 + cp hαβ + 2 cq (α ζβ)0 + cpi αβ . (54)
In order to verify the consistency of the solutions (47) - (50) with Einstein’s field equations
and in order to recover special cases, the constants of integration are determined by the calcu-
lations of Appendix C. The matter equations (47) - (50) then take the exclusively kinematic
forms
ρ =
1
3
Θ2 + 3 u˙2 − 2 u˙γ‖γ −
1
2
R˜ T 2 c
T
2 + 2ω2 , (55)
p = − 2
3
Θ˙− 1
3
Θ2 − u˙2 + 4
3
u˙γ‖γ +
1
6
R˜ T 2 c
T
2 +
2
3
ω2 , (56)
qα =
2
3
Θ˙h0α + ωαγ u˙
γ + ωτγ‖γ hτα , (57)
piαβ =
2
3
Θ˙
(
2 h0(α uβ) − 3 h0α h0β
)
− 2 (2 u˙2 + ω2)uα uβ
+
1
3
(
2 u˙γ‖γ − 18 u˙2 − 2ω2 + R˜ T 2 cT 2
)
hαβ
− R˜αβ T 2 cT 2 −
4
3
Θ u˙(α uβ) + 4 u˙(α‖β) + 4 u˙α u˙β
+ 2ωκ(α uβ) u˙
κ − 2ωτµ‖µ hτ(α uβ) , (58)
10
in which for the latter, piαβ , relation (A3) was used in addition. By multiplying these ex-
pressions with the tetrads one obtains the coordinate representation without any additional
terms.
Notice, that (55) and (56) satisfy the Raychaudhuri equation:
ρ+ 3 p = −2 Θ˙− 2
3
Θ2 + 4ω2 + 2 u˙a;a . (59)
B. Special cases
1. Non-tilted models
The non-tilted limit (h0α = 0) leads to purely expanding models, i.e., those with vanishing
rotation and acceleration. In this case also the coefficients naˆ of (5) become zero, so that the
space-times are conformally static [12, 33].
Following up on this premise, (55) and (56) turn into the equations
ρ = 3
(
a˙
a
)2
− R˜
2 a2
(60)
and
p = −
(
a˙
a
)2
− 2 a¨
a
+
R˜
6 a2
. (61)
These correspond to the Friedmann equations
1
3
ρ =
(
a˙
a
)2
+
k
a2
(62)
and
−p = 2 a¨
a
+
(
a˙
a
)2
+
k
a2
, (63)
if the curvature parameter k and the Ricci scalar R˜ of the 3-dimensional Bianchi spaces are
related by
k = −1
6
R˜ . (64)
This result is in accordance with [34, p.474]. The two constants of integration are then related
by
cp = −
1
3
cρ =
1
6
R˜ . (65)
Furthermore, the heat-flux (57) is identically zero, while for the anisotropic pressure (58)
one gets
piαβ = cpi αβ T
2 c
T
2 = −R˜αβ T 2 cT 2 +
1
3
R˜ T 2 c
T
2 hαβ . (66)
11
According to Sec. 4 of [12], the non-perfect fluid models investigated here can be subdivided
into three further classes. In detail, this amounts to determining the number of distinct
eigenvalues of the anisotropic pressure (66): If piαβ has three different eigenvalues, the space-
time is of Petrov-type I. In the case of two different eigenvalues, one obtains Petrov-type
D. Finally, if there is only one eigenvalue, it can only be zero and results in piαβ vanishing
identically. Therefore, only this latter case is in general a sufficient condition for obtaining
perfect fluid Friedmann models.
An example for a non-tilted space-time subclass of (5) which does not contain Friedmann
models is provided by the Bianchi-type IV metric
ds2 = − dt2 + a2 (dx2 β11 + 2 dx ex (dz β13 + dy (β12 + xβ13))
+ e2x
(
dz2 β33 + 2 dy dz (β23 + xβ33)
+ dy2
(
β22 + 2 xβ23 + x
2 β33
)))
(67)
with canonic coordinates (x0 → t, x1 → x, x2 → y, x3 → z) and undetermined constants β
aˆbˆ
introduced in (5). Since here one finds three distinct eigenvalues for (66), the models (67) are
of Petrov-type I.
For the particular case β
aˆbˆ
= 1 the metric (67) takes the form
ds2 = − dt2 + a2 (dx2 + e2 x (dz2 + 2 x dy dz + dy2 (1 + x2))) (68)
which coincides exactly with the example discussed in [12] (see (4.9) therein).
2. Stationary models
We check the consistency of our results with the stationary limit as to [29, 30]. Accordingly,
for vanishing expansion and generally non-trivial rotation, the equations (55) and (56) reduce
to
ρ = cρ cT
2 T 2 = −1
2
R˜ T 2 c
T
2 + 2ω2 (69)
and
p = cp cT
2 T 2 =
1
6
R˜ T 2 c
T
2 +
2
3
ω2 , (70)
so that
p =
cp
cρ
ρ = const . (71)
In the perfect fluid limit with vanishing heat-flux and anisotropic pressure, one obtains from
(57) the condition
qα = cq α cT
2 T 2 = ωκµ‖µ hακ
= 0 (72)
12
and from (58)
piαβ = cpi αβ cT
2 T 2
= − R˜αβ T 2 cT 2 +
1
3
R˜ T 2 c
T
2 hαβ −
2
3
ω2
(
3 uα uβ + hαβ
)
− 2ωτµ‖µ hτ(α uβ)
= 0 . (73)
As a more concrete ansatz we choose a Bianchi-type III subclass of the space-times (5),
(ds)2 = (dt)2 − 2
√
Σ a eM x
1
dt dx2 − a2
(
(dx1)2
+K e2M x
1
(dx2)2 + (dx3)2
)
, (74)
where νaˆ =
(
0,
√
Σ, 0
)
, β
aˆbˆ
= diag (1,K, 1) and eµˆaˆ = diag
(
1, eM x
1
, 1
)
with K, M and Σ
being constant. Admitting in general non-vanishing rotation and expansion, this metric is
also denoted as the Go¨del-type model (see [29, 30]). By this choice, the heat-flux (72) vanishes
identically, whilst the anisotropic pressure condition (73) holds only for at least either of the
two relations,
K = −Σ
2
or M = 0 . (75)
Furthermore, one has
R˜ =
M2 (4K + 3Σ)
2 (K +Σ)
and ω2 =
M2Σ
4 a2 (K +Σ)
(76)
or, by (75) respectively,
R˜ = M2 and ω2 =
M2
2 a2
. (77)
This yields cp = cρ and thus for expression (71),
p = ρ =
1
2
R˜ T 2 c
T
2 = ω2. (78)
According to, e. g., [36] this is just the equation of state of the classical Go¨del space-time.
Indeed, in [29] it is stated, that K = −(1/2)Σ yields closed timelike curves.
IV. DISCUSSION
In this paper, we considered homogeneous and conform-stationary space-times (5) with
Bianchi group invariance and an arbitrary matter source, which allows for generally tilted
models.
By solving the propagation equations (32) - (35), we deduce explicit expressions for the
energy density (40), the isotropic pressure (41), the heat-flux (45) and the anisotropic pressure
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(46) in terms of the scale factor, the tetrad components (18) and the structure constants.
These results are rewritten in terms of the kinematic quantities, as to be found in (47),
(48), (49) and (51), and are combined to the energy-momentum tensor, (52) or (53). Similar
equations are ad hoc assumed in [4, 25, 27, 28] in order to solve problems arising during
cosmological evolution for different reasons.
In addition to the Raychaudhuri equation and the other propagation and constraint equa-
tions (see, e.g., [6, 16]), we obtain equations in which the expressions for the matter content
are decoupled and independent of higher derivatives of the kinematic quantities (except for
the expansion and acceleration) or depending on the electric part of the Weyl tensor. Espe-
cially, no equations of state or further thermodynamic relations have to be assumed to arrive
at these results. Here it should be emphasized that the vanishing shear does not necessarily
imply a zero anisotropic pressure as required by linear thermodynamics. It should also be
pointed out that more-component fluids or a cosmological constant can easily be included.
The equations (40), (41), (45) and (46) represent a class of models which does not only
contain physically relevant space-times. To take into account well-motivated (energy) con-
ditions or global aspects (as considered in [17]) which should provide broader restrictions, is
therefore a subject of future research.
Moreover, inspection of the equations (47), (48), (49) and (51) underlines that further
thermodynamic assumptions like an equation of state, Fourier’s law, Cauchy’s law or expres-
sions from extended thermodynamics, will further restrict possible solutions. This becomes
manifest, if one rewrites (40), (41), (45) and (46) with the help of equation (29):
ρ = −
(
T˙
T
)2 (
5 ζ00 + 2
)
+ 2
T¨
T
(
ζ00 + 1
)
+ 2 T˙ c
T
Cˆγκγ ζ
κ0
+ T 2 c
T
2 cρ , (79)
p =
1
3
(
T˙
T
)2 (
13 ζ00 − 2)− 2
3
T¨
T
(
2 ζ00 − 1)− 4
3
T˙ c
T
Cˆγκγ ζ
κ0
+ T 2 c
T
2 cp , (80)
qα = 2
(
T˙ 2 − T¨ T
T 2
)
h0α − T˙ cT Cˆγσα ζγ0 ζσ0 + T 2 cT 2 cq α , (81)
piαβ =
2
3
(
T˙ 2 − T¨ T
T 2
)(
hαβ
(
ζ00 + 1
)− 3 h0α h0β)
− 2
3
T˙ c
T
Cˆρκµ ζ
κ0
(
δµρ hαβ − 3 δµ(α ζβ)ρ
)
+ T 2 c
T
2 cpi αβ . (82)
These equations describe the temperature dependence of the matter content which has to be
fulfilled for the considered class of models.
The Expressions (79) and (80) can be used to construct equations of state. For instance,
one can combine the two in such a way that the outcome does not contain the structure
constants:
p+ 2 ρ = 3
(
T˙
T
)2 (
ζ00 − 2)+ 6 T¨
T
+ T 2 c
T
2
(
2 cρ + 3 cp
)
(83)
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which is a possible equation of state for the considered space-time class. This relation clearly
shows that the pressure has a difficult dependence on the temperature and its first and
second derivatives. Of course, ρ has an explicit temperature dependence as given in (79), but
assuming the validity of simple equations of state, like p(ρ) ∝ ρα, an effective fine-tuning has
to be done in order to prevent an additional temperature dependence of p.
It becomes obvious from (81) and (82) that the assumption of Fourier’s or Cauchy’s laws
consequently generates additional strong restrictions on the space-time and its matter content.
The same is true for other ad hoc introduced constitutive equations. This includes non-linear
ones like the heat-flux law of Israel-Stewart-type [20] which is physically motivated by that
it overcomes stability and causality problems arising in the linear case. Our point, however,
is to ask for those constitutive equations and equations of state respectively, which follow
from the conservation laws in a prescribed geometry and a given temperature field. Thus, it
is not in the sense of the present consideration, to additionally impose ad hoc constitutive
equations on (81) and (82). In non-relativistic continuum thermodynamics the situation is
different. There, one has to complete the system of basic equations resting on the conservation
or balance equations by adding such ad hoc relations manually. If (81) and (82) differ from
those ansatzes made by hand, this can have a variety of reasons and implications. To call
only one: If there were severe thermodynamic arguments for one of the linear or non-linear
ad hoc ansatzes, e.g., for the heat-flux, one was obliged to ask under which condition it is
compatible with (81).
This view is reinforced by the results obtained in [19]. There, it was shown that in conform-
stationary models the heat-flux must vanish for zero anisotropic pressure and under the
assumption of a heat-flux law of the Israel-Stewart type. An example for physical processes
in which this does not hold (Landau damping) is also provided in [19].
Moreover, the form of the expressions (81) and (82), which denotes the modified laws of
Fourier and Cauchy, is pointing in a direction that is to be found in various formulations of
extended thermodynamics [20, 24]. This becomes evident if one rewrites (82) with the help
of (79) and (81):
piαβ =
T 2
2
(
T¨ T − T˙ 2
) (qα + T˙ cT Cˆγσα ζγ0 ζσ0 − T 2 cT 2 cq α)
·
(
qβ + T˙ cT Cˆ
γ
σβ ζγ0 ζ
σ0 − T 2 c
T
2 cq β
)
− hαβ

1
3
ρ+
(
T˙
T
)2
ζ00 − 1
3
T 2 c
T
2 cρ


+ 2 T˙ c
T
Cˆρ
κ(α ζβ)ρ ζ
κ0 + T 2 c
T
2 cpi αβ . (84)
As a constitutive quantity piαβ is a function which is linear and quadratic in the heat-flow and
linear in the energy density, while the temperature is also included with its first and second
time derivative.
The consideration of simple models like non-tilted or stationary ones leads back to, e.g., the
well-known Friedmann or the Go¨del space-times (in both cases the constants of integration
are determined; see Sec. III) and similar anisotropic models as discussed in [12]. In this
context the expressions (47) and (48) or (55) and (56), respectively, can be understood as
generalized Friedmann equations.
By rewriting the equations (47), (48), (49) and (51) in terms of the observational quantities
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H = a˙
a
for the Hubble function and
(
a˙
a
)
˙ = −H2(1 + q) for the deceleration parameter q one
receives limits on acceleration, rotation, heat-flux and anisotropic pressure.
The corresponding equations take the form
ρ = ζ00H2 (2q − 1) + 2H2 (1 + q)− 2H 1
a
Cˆγκγ ζ
κ0 +
1
a2
cρ , (85)
p =
1
3
ζ00 H2 (5− 4 q) + 2
3
H2 (1 + q) +
4
3
H
a
Cˆγκγ ζ
κ0 +
1
a2
cp , (86)
qα = − 2H2 (1 + q) h0α +
H
a
Cˆγκα ζγ0 ζ
κ0 +
1
a2
cq α , (87)
piαβ = −
2
3
H2 (1 + q)
(
hαβ
(
ζ00 + 1
)− 3 h0α h0β)
+
2
3
H
a
Cˆρκµ ζ
κ0
(
δµρ hαβ − 3 δµ(α ζβ)ρ
)
+
1
a2
cpi αβ , (88)
so that the matter content can be described by the observable quantities H , q and the model-
dependent constants ζ00, h0α, Cˆ
α
βγ as well as the constants of integration, eventually given
by initial or boundary conditions.
In analogy to the calculations which lead to (83), one obtains from (85) and (86)
2 ρ+ p = 3H2
(
2 q + 2 + ζ00
)
+
1
a2
(
2 cρ + 3 cp
)
(89)
which can again be regarded as an equation of state given by observational quantities. The
class of models we consider here may have an anisotropic behavior of the Hubble flow and
the galaxy distribution function [29, 30]. In this context, the observation of a large-scale flow
of galaxies, called “dark flow”, with respect to the CMB is remarkable (see [21] for a review).
A detailed discussion of this and other possibly observable effects in non-rotating models can
be found in [1, 9, 10].
Refraining from possible further restrictions on the relations (85) - (88), one finds the
following hypothetical scenario.
For a large scale factor a≫ 0, the structure constants and the constants of integration are
negligible, such that, for the behavior of the matter content, the expansion rate H and the
deceleration rate q are most important. Moreover, one sees that q has critical values at which
the behavior of the matter variables changes. For instance in the case of large accelerations
(q < −1), which for cosmological models means a strongly increasing expansion and for local
models (like stars) a strongly increasing collapse, most matter variables change the sign. All
matter variables display generally the same dependence on the expansion rate H and are
therefore of likewise importance. A more detailed discussion can only be achieved if the
dependence on ζ00 and h0α is fixed for specified Bianchi models.
For small values of the scale factor a, i.e. in the early cosmological phase or for objects
which become very dense, the structure and the integration constants become much more
important in comparison to H and q. Besides, all matter variables show the same behavior
and are therefore of equal importance. When the scale factor a(t) increases, the heat-flux
and the anisotropic pressure essentially behave like the energy and the pressure, they dilute.
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Appendix A: Kinematic relations
The following relations between the kinematic invariants are used to obtain and simplify
results of the Sections III and IV in kinematic terms.
u˙γ‖γ =
1
3
((
Θ˙ + Θ2
) (
ζ00 + 1
)
+ T Θ Cˆγκγ ζ
κ0
)
, (A1)
u˙2 =
1
9
Θ2
(
ζ00 + 1
)
=
1
9
Θ2 h00 , (A2)
u˙α‖β =
1
3
Θ˙h0α δ
0
β + u˙
2
(
hαβ + uα uβ
)
+
1
3
Θ
(
uα u˙β + ωαβ
)
− u˙α u˙β − ωκ(α uβ) u˙κ −
1
2
T u˙κ Cˆµ
κ(α hβ)µ , (A3)
ωτµ‖µ hατ = ωαµ u˙
µ − 1
2
T ωνκ Cˆ
τ
µσ ζ
µκ ζνσ hατ + T ωακ Cˆ
ρ
µρ ζ
µκ . (A4)
Appendix B: Tetrad formulation of curvature
The connection coefficients in the tetrad formulation (see Sec. II), the so-called Ricci
rotation coefficients, can be expressed in terms of the Christoffel symbols Γ dc b,
Ω µc ν = θ
µ
d θ
b
ν Γ
d
c b − θ bν θµb,c , (B1)
or, due to (18) by the structure constants (21), respectively,
Ω µρ ν =
a˙
a
(
δµρ δ
0
ν − ζνρ ζµ0
)
+
1
2 a
ζκµ
(
Cˆγνρ ζκγ + Cˆ
γ
ρκ ζνγ − Cˆγκν ζργ
)
. (B2)
Determining the Riemannian curvature tensor by the Ricci-identity and the tetrads,
Rmbcd θ
m
α = θαb;c;d − θαb;d;c , (B3)
the Ricci tensor can be brought to the form
Rαβ = −
(
a˙
a
)
,0
(
2 δ0α δ
0
β + ζ
00 ζαβ
)− 3 ( a˙
a
)2
ζ00 ζαβ
− a˙
a2
(
Cˆγκβ ζ
κ0 ζαγ + Cˆ
γ
κα ζ
κ0 ζβγ + Cˆ
ρ
µρ ζ
µ0 ζαβ
)
− 1
2 a2
R˜αβ (B4)
with
R˜αβ = −
1
2
(
−Cˆγκβ Cˆρµρ ζαγ ζµκ + Cˆµνβ Cˆναµ
− Cˆγκα Cˆρµρ ζβγ ζµκ − Cˆµνβ Cˆτσα ζµτ ζνσ
+
1
2
Cˆγκν Cˆ
τ
µσ ζβγ ζ
µκ ζατ ζ
νσ
)
. (B5)
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Accordingly, the Ricci scalar becomes
R = − 6
(
a˙
a
)
,0
ζ00 − 12
(
a˙
a
)2
ζ00 − 6 a˙
a2
Cˆρµρ ζ
µ0 − 1
a2
R˜ (B6)
with
R˜ = Cˆγκγ Cˆ
ρ
µρ ζ
µκ − 1
2
Cˆµνβ Cˆ
ν
αµ ζ
αβ +
1
4
Cˆµνβ Cˆ
τ
σα ζ
νσ ζµτ ζ
αβ . (B7)
The expressesions R˜
αˆβˆ
of (B5) and equivalently R˜ of (B7) can be identified with the Ricci
tensor and the Ricci scalar of 3-dimensional Bianchi spaces [40].
This results in the following shape of the Einstein tensor:
Gαβ = Rαβ −
1
2
R ζαβ
= 2
(
a¨− a˙2
a2
)(
ζαβ ζ
00 − δ0α δ0β
)
+ 3
(
a˙
a
)2
ζαβ ζ
00
+ 2
a˙
a2
Cˆρκµ ζ
κ0
(
δµρ ζαβ − δµ(α ζβ)ρ
)
+
1
a2
(
−R˜αβ +
1
2
R˜ ζαβ
)
. (B8)
Appendix C: Constants of integration
From the field equations, Gαβ = Tαβ , in terms of the tetrad formulation from Sec. II and
together with (5), one finds
−R˜αβ +
1
2
R˜ ζαβ = cEI αβ . (C1)
Then, because of (54) the constants of integration, i.e. cρ , cp , cq α and cpi αβ , for the energy
density, the isotropic pressure, the heat-flux and the anisotropic pressure (47) - (50) become,
in this order,
cρ = cEI αβ u
α uβ = −1
2
R˜+ 2
(
ω
c
T
T
)2
, (C2)
cp =
1
3
c
EI αβ h
αβ =
1
6
R˜+
2
3
(
ω
c
T
T
)2
, (C3)
cq α = − cEI βγ uβ hγα =
1
c
T
2 T 2
(
ωκµ‖µ hακ − ωαµ u˙µ
)
, (C4)
cpi αβ = cEI γδ h
γ
α h
δ
β − cp hαβ
= − R˜αβ +
1
3
R˜ hαβ −
2
3
(
ω
c
T
T
)2 (
3 uα uβ + hαβ
)
− 2
c
T
2 T 2
(
ωρ(α uβ) u˙
ρ + ωτµ‖µ hτ(α uβ)
)
, (C5)
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where in (C4) and (C5) it was made use of the relation (A4). If one reinserts the constants of
integration (C2) - (C5) into the matter equations (47) - (50), they take the purely kinematic
forms (55) - (58).
The summarized constants of integration, cρ , cp , cq α and cpi αβ , in this paper are pieced
together as follows:
cρ := − c˜ρ − 2 c1
(
2 ζ00 − 1)− 2 c2 (ζ00 + 1)− 2 c3 Cˆγκγ ζκ0 , (C6)
cp := − c˜p −
2
3
c2
(
1− 2 ζ00)+ 2
3
c1
(
7 ζ00 + 1
)
+
4
3
c3 Cˆ
γ
κγ ζ
κ0 , (C7)
cq α := − c˜q γ
(
hγα − h0α uγ
)− 2 (c1 + c2) h0α − c3 Cˆγασ ζγ0 ζσ0 , (C8)
cpi αβ :=
1
3
(
− c˜pi γδ
(
hγα − h0α uγ
) (
hδβ − h0β uδ
)
− 2 (c1 − c2)
(
hαβ
(
ζ00 + 1
)− 3 h0α h0β)
+ 2 c3 Cˆ
ρ
µκ ζ
κ0
(
δµρ hαβ − 3 δµ(α hβ)ρ
))
. (C9)
The occurring objects c1, c2, c3, c˜ρ , c˜p , c˜q αˆ and c˜pi αˆβˆ are the actual constants of integration
yielded by the following integrals, which are to be calculated in Subsec. III A:∫
a¨ a˙ dx0 =
a˙2
2
+ c1 ,
∫
...
a a dx0 = a¨ a− a˙
2
2
+ c2 ,
∫
a¨dx0 = a˙+ c3 , (C10)∫ (
a2 ρ
)
,0
dx0 = a2 ρ+ c˜ρ ,
∫ (
a2 p
)
,0
dx0 = a2 p+ c˜p , (C11)∫ (
a2 qα
)
,0
dx0 = a2 qα + c˜q β
(
hγα − h0α uγ
)
, (C12)∫
3
(
a2 piαβ
)
,0
dx0 = a2 piαβ + c˜pi γδ
(
hγα − h0α uγ
) (
hδβ − h0β uδ
)
. (C13)
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